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Abstract

We analyze a model where unrealistic and realistic informed traders
trade a risky asset with a competitive market maker. Unrealistic traders
misperceive the expected returns of the risky asset, the volatility of the
asset returns and the variance of the noise in their private signal. We
show that unrealistic traders may earn higher expected profit than realis-
tic traders and that the existence of equilibrium depends crucially on the
amount of over-trading on private information. We then allow the market
maker to be unrealistic. An optimistic (pessimistic) market maker exacer-
bates (alleviates) market breakdown. Due to her unrealism a price bubble
might occur.
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1 Introduction

Economic and financial theory have widely used the assumption that agents
behave rationally. Such an assumption has led to the failure of explaining some
properties observed in financial markets like (¢) the low responsiveness or some-
times high responsiveness of the price to new information [Ritter (1991) and
Womack (1996)], (i) the excessive volume traded [Dow and Gorton (1997)],
(#4¢) underreaction or overreaction of market participants [Debondt and Thaler
(1985)], and (iv) the excessive volatility observed in financial markets [Shiller
(1981, 1989)]. In order to explain these properties, financial economists have
departed from the rationality assumption and have instead assumed that in-
vestors may have some psychological traits which would lead them to behave
irrationally.

There is a large body of evidence in the psychology literature that people,
with good mental health, do not have accurate perception of themselves and
their surrounding world. People’s perceptions have a tendency to be positively
biased, i.e. people hold “positive illusions”. “Positive illusions” have been widely
documented in psychology [Taylor and Brown (1988, 1994), Langer (1975) and
Weinstein (1980), to name but a few]. Taylor and Brown (1988, 1994) analyze
the “better than average” effect, Langer (1975) focuses on the illusion of con-
trol i.e. the individuals’ tendency to overestimate the control they have over
outcomes, whereas Weinstein (1980) looks at unrealistic optimism. Unrealistic
optimism is defined as the people’s tendency to systematically overestimate the
probability that good things will happen to them and, at the same time, to
underestimate the probability that bad things will happen.! 2

Many examples of the optimism bias can be found. It has been observed
that door-to-door representants attributing failure to outside factors are more
likely to be successful. This optimism bias can lead to superior performances.®
Sutherland (1992) finds that 95% of the British drivers believe that they are
above average. Langer (1975) documents the illusion of control. The experiment
is as follows: participants are either given a lottery ticket or asked to draw one.
Participants were then asked the selling price for the lottery ticket. Participants
who had drawn themselves the ticket would ask twice as much as participants
who had received the ticket. This higher price presumably reflected the belief
of a higher chance of winning.

Financial pratictioners are well aware of the existence of such a trait in
markets. Indeed the terminology used in order to qualify the market proves
that fact: they interchangeably use optimistic market for bullish market and
pessimistic market for bearish market. Some financial institutions have tried

!Harris and Middleton (1994), and Hoorens (2001) look at the “comparative optimism”.
These two papers focus on the illusion of control and optimism about health: people think on
being less at risk about their health but no more in control than others.

20ne way psychologists test the presence of that trait is to ask their subjects how they
behave in bad times. If in bad times they expect the best, they can be considered as optimistic.

3Following that observation, Seligman designed a test, the Seligman Attributional Style
Questionnaire (SASQ), that would enable companies to select candidates, when hiring, dis-
playing that optimistic bias.



to quantify it. In October 1996, the Union des Banques Suisses together with
Gallup Organization have launched the Indez of Investor Optimism. This index
measures the level of optimism in the American market. The Index had a
baseline of 100 when it was first established in October 1996. Just before the
internet bubble crash in January 2000, that Index attained a score of 178. It
got its lowest score of 5 in March 2003, however it stands at 80 in February
2006.* This variation of the value of the Index shows the presence of relative
period of optimism and pessimism in the American market. We are also aware
of some portfolio managers who believe that their stock selection is the best
one. More generally this optimism/pessimism trait is likely to be present for
most people. Typical examples of periods of optimism or frenzies followed by
periods of pessimism in financial markets are the existence of bubbles and crash.
Famous bubbles include the Dutch Tulip Mania of the 1630’s, the Mississippi
Bubble and the South Sea Bubble of the 1720’s, and the Internet Bubble of the
1990’s.” Shiller (2000) provides examples of optimistic behaviors.

Although the existence of such a trait is established, it has received lit-
tle attention by financial economists. Our aim is to fill up that gap. Indeed,
our study follows directly the idea that some investors display a psychological
trait such as “positive illusions/negative illusions”. We call the former (lat-
ter) investors optimists (pessimists). We model this trait as being made up
by two independent parts: (i) pure optimism/pessimism which represents the
misperception of prior information (expectation and variance) and, (i¢) pure
overconfidence/underconfidence which is the misperception of the precision of
private information. Few recent papers analyze this trait, however all these
studies do not look at the impact of the presence of unrealistic traders in fi-
nancial markets. Most of these studies are based on models issued from the
corporate finance literature. Bénabou and Tirole (2002) look at the value of
self-confidence for rational agents and at their behavior used to enhance it. An
individual has to decide whether or not to engage in a task. The long term
payoff of that task depends on his imperfectly known ability and on sure short
term cost which is known to him. They show that the task is undertaken only
if the agent has sufficient self-confidence in his talent. Van Den Steen (2004)
shows that rational agents with differing priors tend to be overoptimistic about
their chances of success. In that setting, he also proves that, as suggested by
the door-to-door salesmen example above, agents tend to attribute success to be
their own whereas failure to exogenous factors. In Brocas and Carrillo (2004),
optimism about the chance of success of a project may lead entrepreneurs to
invest in that project without gathering further information. This entrepre-
neurial optimism leads to excessive investment. De Mezza and Southey (1996)
find that entrepreneurs self select from the part of the population displaying
an optimistic bias. Manove and Padilla (1999) look at the screening problem
faced by bankers in order to separate optimistic entrepreneurs from realistic

4A  detailed methodology used to compute that index can be found at
www.ubs.com/investoroptimism. The monthly level of the index is also given from its
launch date up to now.

5The first three bubbles are well documented in Garber (2000).



ones. Optimistic entrepreneurs have perceptions biased by wishful thinking.
They show that, because of the existence of optimistic entrepreneurs, compet-
itive banks may not be sufficiently conservative in their lendings. In Manove
(2000), some entrepreneurs are unrealistically optimistic about their firms pro-
ductivity. He shows that unrealistic entrepreneurs may earn more than realistic
entrepreneurs and may even drive out of business all realistic entrepreneurs.
This result is echoed by Heifetz and Spiegel (2004) in a different framework. In
a game where agents meet per pair and then interact, they show that agents
displaying optimism or pessimism will not disappear in the long run but will
takeover the entire population. In their paper, optimistic (pessimistic) agents
over- (under-) estimate the impact of their actions. Our study differ from the
previous studies on optimism as none of the above works look at the impact
on financial markets of having optimistic (pessimistic) traders. Cornelli et al.
(2005) is the only other work, we are aware of, looking at the possibility, for a
subset of investors, to be optimistic or pessimistic. They establish the existence
of unrealistic traders possibly optimistic or pessimistic in the grey market (pre-
IPO market). In our paper, we assume the existence of a subset of informed
investors being optimistic and/or pessimistic and derive the equilibrium and its
properties under that assumption.

The following paper is an attempt to answer some questions concerning the
performance of a financial market when both unrealistic and realistic traders are
present. What is the trading behavior of unrealistic traders and their impact
on prices and price efficiency? Can realistic traders counteract the effect of
the unrealistic traders’ trading behavior on the price, or do they exacerbate
the effect of the unrealistic traders? In other words, what is the result of the
strategic interaction of the different types of traders (realistic and unrealistic)
onto the price and price efficiency? Does one group outperform the other? And
finally, what is the effect on the price and trading behavior of both types of
investors if the price setter is himself/herself unrealistic?

The introduction of a psychological bias or trait at the investors’ level is not
new in finance, a proof being the abundant literature assuming that investors
are overconfident, i.e. that investors believe that their private information is
more precise than it actually is.5 Hilton et al. (2004) show that overconfidence
or “miscalibration” and “positive illusions” differ even if those two traits share
some characteristics (in both cases the agent over-values his/her ability). In
order to model the overconfident behavior, it is assumed that investors overesti-
mate the precision of their private information. Most of that literature predicts
that overconfident investors trade to their disadvantage. In other words, over-
confident investors get lower expected profit than their rational counterpart
[Odean (1998b), Gervais and Odean (1999), Caballé and Sékovics (2003), Bi-
ais et al. (2004) among others]. However, Kyle and Wang (1997) and Benos
(1998) find that overconfident traders may earn larger expected profit than ra-
tional ones. Moreover, a common finding to all these papers except Caballé and
Sékovics (2003) is that trading volume, price volatility as well as price efficiency

6See Odean (1998).



increase with the level of overconfidence.

We study a more general model of optimism and pessimism. In our article we
analyze a financial market where a market maker and several traders exchange
a risky asset normally distributed with mean 0 and variance 0. That model is
based on the seminal paper by Kyle (1985) and on Admati and Pfleiderer (1988)
and Didri and Germain (2004) which extend the previous model to the case of
imperfect competition for the informed traders. In such a framework, unrealism
can be modelled in two different ways. First, unrealistic traders are unrealistic
about the returns of the risky asset (mean of prior information) and therefore
believe that the expectation is @ rather than zero. An optimist (pessimist) be-
lieve that a is positive (negative), as a increases in absolute terms the trader is
more optimistic/pessimistic. This is studied in a first setting. Indeed, it seems
intuitive to think of an optimistic (pessimistic) trader as a trader believing that
the expected returns of the risky asset are higher (lower) than they actually
are. We dedicate a section of the paper to study that case as it is not present
in the literature. This model is one of the most simple in order to study opti-
mism/pessimism. Second, we turn to a more general setting where unrealistic
traders are unrealistic about the returns of the risky asset, as in the first setting,
and about the volatility of the returns of the asset as well as the variance of
the noise in his private information (over- or under-confidence). In this second
setting, we model the misperceptions of the variances as two parameters: ki
(optimistic/pessimistic component) and k2 (overconfident/underconfident com-
ponent) which altogether characterize the degree of misperception of the two
variances. The smaller the k parameter, the more unrealistic is the trader.
An optimistic (pessimistic) trader under-scales (over-scales) the volatility of the
risky asset 02 by a parameter x; and under-scales (over-scales) the precision
of his own signal o2 by a parameter k2.” In such a model, an optimistic (pes-
simistic) trader thinks that prior information is more concentrated (diffused)
around the misperceived mean, a. Probabilities that good things can happen
are then higher for optimistic traders, moreover optimistic traders are less sensi-
tive to risk as they underestimate the market risk. In both settings, traders are
strategic, i.e., when computing their order they take into account the impact of
the order onto the price.

Our results are the following. In the first setting (misperception of the returns
only), since the misperception of the mean has an effect on the market order
unrealistic traders submit, we find that optimistic (pessimistic) traders trade
larger quantities when purchasing (selling) or trade smaller quantities when
selling (purchasing). Even though, the aggregate order flow faced by the mar-
ket maker is different from the one in the “all realistic case” (where all the
traders are realistic), the price and the market depth are equal for the two
cases.® Finally, the expected profits of the realistic and the unrealistic traders

"In Odean (1998b) those two parameters define the level of overconfidence. Nevertheless,
the author does not study the impact of the variations of those parameters on the traders and
Odean (1998b) assumes that 1 is greater than one whereas we assume that for optimistic
traders it is lower than one.

8The price and market depth are equal to the one predicted by a standard model a la



are identical. In that market it is not costly to be unrealistic.

In the second setting (misperception of the returns and of the two variances
o2 and o?2), we look at two different situations: (i) a realistic market maker
trades with realistic traders and with only one type of unrealistic traders, (i)
the market maker is herself optimistic or pessimistic.” In both instances, (i)
and (i7), we find that, compared to a situation where all traders are realis-
tic, realistic traders reduce (increase) their trading intensity when unrealistic
traders over- (under-) trade. However, we show that, for certain market con-
ditions, there exists a situation where both types of traders over-trade. This
is the case when the misperception of the volatility is smaller, however not to
small, than the misperception of the noise in the signal (k1 > k2). This trading
behavior has an effect on market depth which can be higher or lower than in
the “all realistic case”. Importantly, we show that, for both a realistic and an
unrealistic market maker a market breakdown occurs if both types of traders
over-trade excessively. However, a market breakdown is more likely to occur
with an optimistic market maker than with a pessimistic one. Indeed, an opti-
mistic (pessimistic) market maker sets a higher (smaller) market depth than a
realistic one. As a response to the increased (decreased) market depth , both
types of traders increase (decrease) their trading intensity. As they increase
(decrease) their trading intensity on private information, a market breakdown
is more (less) likely to occur. Due to the market maker’s unrealism an irrational
price bubble might occur.!® We finally study, the traders’ expected profit and
find, in both instances (i) and (é¢), that unrealistic traders can earn on average
more or less than their realistic counterpart. Unrealistic traders can also obtain
negative expected profits. We also show that an unrealistic market maker can
obtain non-zero expected profit.

In other models like Benos (1998) or Daniel, Hirshleifer and Subrahmanyam
(2000) overconfidence is defined by kg, only. By allowing x; and ko parameters
to characterize the unrealistic behavior, our findings are more general than
the ones obtained in Benos (1998), Kyle and Wang (1997), Daniel, Hirshleifer
and Subrahmanyam (2000) to name but a few.!! The effect of the parameter
defining the over- or under-confidence is known, however the combination of
the two misperceptions of the variances is not present when traders are only
overconfident. Some of our results are qualitatively and quantitatively different
from the ones obtained with overconfident traders. Indeed, the price function

Admati and Pfleiderer (1988). Indeed, the quantity of information conveyed by the market
orders is the same as in Admati and Pfleiderer (1988).

9The market maker’s unrealism is characterized by the misperception of the returns of
the asset and the misperception of its volatility. Given that the market maker does not
receive any private information, she does not display any overconfidence or underconfidence
trait. Assuming that the market maker is unrealistic enables us to also study the impact of
unrealistic liquidity suppliers in a standard demand and supply framework.

10We characterize an irrational bubble as the increase of the level of prices (on average).
Indeed when market makers are optimistic they set a level of prices which is above the one
predicted by a model & la Admati and Pfleiderer (1988) with realistic agents only.

11 A1l these authors implicitly assume that x1 = 1. Benos (1998) studies the extreme case
where overconfident traders perceive their private information as being non noisy, that is
k1 =1 and ko = 0.



displays properties different than the ones obtained in the overconfident case.
The presence of unrealistic traders has an effect on both the intercept and the
slope of the price function. The first effect on the intercept is not present in
any of the studies with overconfident traders. The second effect on the slope
is present with overconfident traders, however we find that market liquidity,
depending on the values of the parameters, can be greater or smaller than the
market liquidity with realistic traders only which is not the case in most papers
on overconfidence where liquidity increases with the level of overconfidence in
the market.'?

The paper by Kyle and Wang (1997) deserves a bit more of attention as it
is very close to our work. They explore the strategic interaction between an
unrealistic and a realistic trader. The unrealistic trader is defined as a trader
misperceiving the variance of the noise of his/her own signal and having some
beliefs concerning the variance of the noise of the other trader’s signal. This
trader can either be overconfident or underconfident. They obtain that the equi-
librium only depends on the trader’s misperception of the variance of the noise
of his/her own signal. They find that when an unrealistic trader is able to cred-
ibly commit to trade a larger quantity, this trader can outperform the realistic
trader. They show that an overconfident trader is able to commit whereas an
underconfident is not. We do obtain the same result for an optimistic trader.
However, some of our results concerning pessimistic traders are qualitatively
different. In our model, a pessimistic trader believes that prior information has
a greater variance. This enables him/her to commit to trade larger quantity. As
a consequence, we find that pessimistic trader can outperform realistic traders.

The paper unfolds as follows. In the next section, the general model is
presented along with the definition of an equilibrium for our model. In section
3, the model is solved for the additive misperception (misperception of the
returns) alone as well as for the case where the additive and the multiplicative
(misperception of the variances) misperceptions are combined for the case when
the market maker is realistic. In section 4, we derive the equilibrium under
the assumption that the market maker is herself optimistic or pessimistic and
trades with only one type of unrealistic traders. The last section summarizes
our results and concludes. All proofs are gathered in the appendix.

2 Model

We study a financial market where a market maker and several traders exchange
a risky asset whose future value ¢ follows a gaussian distribution with zero
mean and variance o2.!3 Traders participating in that market can either be
informed or uninformed. The uninformed traders are the so-called noise traders
and submit a market order which is the realization of a normally distributed
random variable % with zero mean and variance o2. The informed traders are

12Benos (1998) finds that the market liquidity is increased if overconfident traders are
present.
13 This is also called prior information distribution.



risk neutral and can be one of two types: realistic or unrealistic. IV traders are
realistic whereas M are unrealistic. Both types of traders have access to private
information, i.e. they observe a noisy signal of the future value of the risky asset

S, =0+&, withé, - N (0,02) Vk=1,.,N,N+1,.,N+ M.

These two types of traders differ in the beliefs they have about the expectation
of the risky asset value (expectation of prior information). Realistic traders
correctly believe that the expectation is zero. However, unrealistic traders be-
lieve that it is a. That expectation is positive (negative) if they are optimistic
(pessimistic). The term unrealistic trader refers to a trader who uses the wrong
distribution for the asset return. However, that trader rationally anticipates the
behavior of both the market maker and the remaining informed traders.
The strategy of each realistic trader 7 is a Lesbegue measurable function, X :
R — R, such that &; = X; (§;) for ¢ = 1,..., N. The strategy of the unrealistic
is identically defined: X; : # — R such that z; = X, (§;) for j =1, ..., M.
Finally, the market maker is risk neutral and behaves competitively. She
N M
observes the aggregate order flow § = >~ &; + ) &, + 4 before setting the price
i=1 j=1
p. Let P : R — R denotes a measurable function such that p = P (g).
The trading protocol is identical to Kyle (1985).
We now give the definition of an equilibrium for our model.

Definition (X7,..., X%, X", ..., X0 P) € LNTMFL s an equilibrium if the
price set by the market marker is such that

p=E[0]g],

and, given that price, the market orders maximize the traders’ expected profit
conditional on the information received

X/ € argm;éué}(eE[(ﬁ —P@)zlls=s;] Vi=1,..,N,
@y

and
X" e argzrjglnaémeqm [(@—P@)ay"|s=s;] Vi=1,..,M.

The operator E,,, denotes the fact that the expectation for unrealistic traders,
is computed given their beliefs about the risky asset expectation.

It should be pointed out that all traders know their types. Moreover, all
agents know the number of realistic and unrealistic traders as well as if unreal-
istic traders are optimistic or pessimistic. Traders behave strategically meaning
that they take into account the impact of their orders onto the price.

First, in section 3, we solve the model for the case where the market maker
is realistic, i.e. she uses the correct distribution of the asset. Second, in section
4, we look at the case where she is either optimistic or pessimistic.



3 Realistic Market Makers

3.1 Additive Misperception
In that subsection we derive the equilibrium where the unrealistic traders have

incorrect beliefs about the expectation of the risky asset value. Let us define
2

[eg
T =%,
o"l)

Proposition 1 There exists a unique equilibrium of the following form

i = fA's;, Vi=1,...,N,
" o= a4+ p"sy, Vi=1,.., M,

N M
p=ptAy=p+A( o+ Y " Fu.
i=1 j=1

The coefficients for the market orders are such that

2a0,T
UU\/(M+N)(1+T)7

o= F T/ M I N) A1)

The price schedule is given by

_ 2T
S VN
N Jv\/(M+N)(1+T)

ou(2T+ M+ N+1)

Given the above, the aggregate order flow faced by the market maker can be
written as

N M M+N
y=u+y x+ Y " =u+p8" Y s+ Ma"" =y + Ma"".
i k=1

Proof. See Appendix. =

In the following discussion we only look at the case where optimistic traders
are present as the pessimistic case is symmetric.

Both the realistic and the optimistic traders trade with the same intensity
on private information (*" = 8"). An optimist adds up a positive part to his
market order. In fact since o™ > 0, if he received a positive signal, he increases
his market buy order whereas if he received a negative signal he reduces his
market sell order. This change in his demand is proportional to his level of
optimism, a. A price bubble does not occur as the market maker is realistic.
The price and the market depth (the slope of the price function) are equal to the
price and market depth predicted by a model a la Admati and Pfleiderer (1988)



with M + N realistic traders. This can be explained as follows. Since unrealistic
traders are optimistic and therefore M a*"™ > 0, when pricing the risky asset, the
market maker faces a larger positive aggregate order flow or a smaller negative
one (when selling). Given the additive and deterministic nature of this extra
order flow, Ma*™, and given that the market maker rationally anticipates the
behavior of the optimists, she can compute its exact size. In addition, this part
is independent of ¥, therefore when trying to extract information from the order
flow, the market maker uses a “discounted” order flow, called y*. Since (7)
both types of traders respond identically to private information and (i) their
responsiveness to private information correspond to the one obtained in Admati
and Pfleiderer (1988), the market depth is also identical to the one predicted
by a model a la Admati and Pfleiderer (1988). This results in a downward shift
of the price function such that, given an order flow y* the price is identical
to price with an order flow y. Indeed, for a given realization of u and of §j
Vk = 1,.., NN +1,...N + M, both observed aggregate order flows, y and
y*, incorporate the same information. This point is illustrated below in figure
1 as well as the case for which pessimists are present. As this is rationally
anticipated by the realistic trader, the misperception of the asset return only
affects the optimist’s market order, i.e. a” = 0.

Price
Pessimistica< 0
Admati Pfleiderer 1988
Optimistica>0
m=a 2
2t +M +N+1
/Vﬁ/ y* y o Order Flow
a4
2t +M +N+1

Figure 1: Overall level of prices for the cases where unrealistic
traders are pessimistic, no unrealistic traders are present (Kyle
(1985)), and unrealistic traders are optimistic.

We now have a look at some of the comparative statics of the model. Except
for the overall effect of 02 on the market order from the unrealistic, all the
comparative statics concerning the market depth, 5" and 8" accord to intuition
and are similar to Admati and Pfleiderer (1988). We now discuss in more details

10



the effect of o2. Let us rewrite the market order from the unrealistic j as follows
" = " (s + 27a) .

On the one hand, an increase of the noise in the private signal decreases the
size of the market order. On the other hand, it increases the weight within the
order due to the misperception of the expectation of prior information. In other
words, the noisier the information is, the more unrealistic the unrealistic trader
is and the opposite is also true. When o2 = 0, the unrealistic trader trades only
on private information, however when 02 = +oco the signal is not informative
and the unrealistic trader trades only on his misperception a.
We now look at the unconditional expected profit of the traders.

Proposition 2 The unconditional expected profit for both types of traders are
identical. They are equal to

oo T+ 1
E(IIY) = E(I1") = 1/ .
( ) () 2r+ M+ N+1V M+

Proof. See Appendix. m

The wrong beliefs about the mean of the returns of the risky asset have no
impact on the level of unconditional expected profit achieved by the unrealistic
traders. This is due to the fact that the wrong beliefs have only an impact on
the overall level of prices and no impact on the liquidity parameter or on the
traders’ intensity concerning their private information. Again, the comparative
statics are identical to the ones obtained in a model & la Admati and Pfleiderer
(1988). Both types of traders obtain positive expected profit. In that case, it is
not costly to be unrealistic.

3.2 Additive and Multiplicative Misperception

In that subsection, we look at the general case of positive/negative illusions
which we call optimism/pessimism. We define it as being made up by two
independent parts!'?

e pure optimism/pessimism: misperceptions of the distribution of prior in-
formation (expectation and variance),

e pure overconfidence/underconfidence: misperception of the variance of the
noise in the private signal.

An optimistic (pessimistic) trader underestimates (overestimates) the vari-
ance of both the returns of the asset and the noise in the signal received. An
unrealistic trader behaves as if his signal, 5; = 0 +&; for j = 1,..., M, were
drawn according to the following two distributions

v — N(a,mai),
E; — N(O,@ag),

14 This follows the definition given in Hilton et al. (2004).

11



where 0 < k1 < 1, 0 < ko < 1 for optimistic traders and k1 > 1, ko > 1 for
pessimistic traders. Whenever k1 = ko = 1, the unrealistic trader does not
misperceive both variances.

We now characterize the equilibrium.'®

Proposition 3 Whenever
My (14 27)% [y (1 = 7) 4 2k97] + N (k1 + 2607)> (1 +7) > 0. (1)
there exists a unique equilibrium of the following form:

: B"si, Vi=1,..,N,
i = a"+p""s;, Vi=1,...,M,

8
|

N M
p=ptiy=p+XA| X+ > " +u
i=1 j=1

The coefficients are such that:
for the optimistic/pessimistic traders

un 2(14-27)KoToy
o = > > a
O’U\/MKil(l-‘rQT) [k1(1=7)+2k27]+ N(k14+2K27)° (147)
ﬁun _ k1(1427)0y

oo/ Mr1(1427) [k (1—7)+2k2 7]+ N (k1 4+2627)2 (147) |

for the realistic traders

ﬁr _ (k14+2K2T)0y .
oy \/Mlil(1+2T)2[Hl(1—T)+2H2T]+N(K,1+2H2T)2(1+7') ’

for the market maker

_ 2(14-27) ko1

B = T @ ANt (rit2rer) FMr 2+ D &

\ = oo/ Mri (1427)% (k1 (1—7)+2r2 7]+ N (k1 +2627)2 (147)
- oul(2T+N+1)(k14+2k27)+ Mk (274+1)]

Proof. See Appendix. m

When k1 = kg, the equilibrium described above is identical to the one found
in proposition 1. As long as the unrealistic traders misperceive both variances by
the same amount, the effects of the misperceptions onto E., [0]|s = s;] cancel
each other. In all other cases when ki # ko, both misperceptions affect the
variables of the model.

We now interpret and discuss the equilibrium condition (1). The existence
of the equilibrium, for k1 # ka2, is subject to condition (1). Whenever that

15We have also solved the model where the two types of unrealistic traders, namely op-
timistic and pessimistic traders, trade together with the realistic traders and the liquidity
traders. The results are qualitatively similar to the results obtained in that section. The
proofs are available upon request from the authors.
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condition is not verified a market breakdown occurs. If unrealistic traders dis-
tort their information revelation by increasing their trading intensity on private
information, the equilibrium might fail to exist and a market breakdown might
occur. Any misperception leading to a decrease of their trading intensity will
not imply a market breakdown. If 7 < 1, unrealistic traders have little scope to
increase their trading intensity as their private information is already very pre-
cise and an equilibrium exists. If 7 > 1, unrealistic traders have more scope to
increase their trading intensity, however this negative effect is limited when the
number of unrealistic traders is low relative to the number of realistic traders
and/or if k1 is low relative to ko. Indeed, k1 and ko have countervailing effects
on B“" and therefore when the unrealistic traders are optimistic being suffi-
ciently “pure optimist” alleviates the impact of being very overconfident. The
same thing happens for the case of pessimistic unrealistic traders. In that case
being too “pure pessimist” (k1 high) might lead to a market breakdown. Those
effects are summarized in the following figure.

Equilibrium Regions

Market
kl Breakdown Equilibrium condition for N> 0

Equilibrium condition for N= 0

2t
ky :kzﬁ

Equilibrium with Pessimistic Traders

Market
Breakdown

Egdilibrium with
ptimistic Traderg

1 K

Figure 2: Equilibrium regions, as a function of x; and ks, for N =0

M 1+7
whenever 7 > 1 and for N > 0 whenever 7 > 1 and ~ > CE(FSToER

In the preceding graph, combinations of x; and ks lying above the binding
equilibrium condition lead to a market breakdown. This is shown for N > 0
and for N = 0.6 The condition for N = 0 is more restrictive than the one for
N > 0.

We now look at the traders’ trading behavior derived in the above propo-
sition. This is done in the two following lemmas. In the first one, we derive
some comparative statics whereas in the second one, we compare the equilibrium
obtained in proposition 3 to the one obtained in proposition 1.

16Tf N = 0 and provided M and k1 are positive, the equilibrium condition can be simplified
to k1 (1 —7) 4 27k2 > 0.
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Lemma 1 Comparative Statics on Traders’ Behavior
Provided the equilibrium in Proposition 3 exists, we have

1. B“™ increases with k1 and decreases with ko,
2. a"™ may increase or decrease with k1 and ks,

3. when (1 —7) k1 +2762 >0 " decreases with k1 whereas it increases with
k1 if (1 —7) K1 + 2762 < 0; moreover when (1 —27) k1 + 27Ky > 0, 8"
increases with ko and decreases with ko if (1 —27) K1 + 27K2 < 0.

Proof. Straightforward by taking the expressions obtained in Proposition 3
and differentiating these expressions by the relevant parameters. m

We now interpret and discuss Lemma 1. The unrealistic trading intensity
on private information increases with x; and decreases with . As prior infor-
mation is misbelieved to be noisier and/or the noise in the signal is perceived to
be smaller, the unrealistic trades more on private information. The response by
the realistic traders to the unrealistic traders’ behavior depends on the relative
precision of prior information to the noise in the signal and on the relative level
of error made on the two variances. If prior information is relatively less precise

2
v

than the noise in private information (7 = Z—% < 1) or if the error made on o
is relatively smaller than the one on o2 ((1—7) k1 + 27K2 > 0), the realistic
response is as expected, i.e., he decreases his information revelation with
and increases it with ko in order to reduce the impact of his market order onto
the price. As prior information becomes more precise relative to the noise in
the private signal (7 > 1), and s, is large relative to ks, the realistic trader’s
information revelation increases with x; and decreases with ko, following the
unrealistic’s behavior. This is, indeed, the case when k1 > Ko 2321. In that
case, the unrealistic trader is trading more intensely on his private information
than the realistic trader implying a large impact on price. As a result the realis-
tic trader’s marginal impact is smaller allowing him to behave as the unrealistic
trader.

The following Lemma compares the level of trading intensities obtained in
proposition 3, 8" and 8", with the one obtained in proposition 1, 347, as well

as the level of liquidity for proposition 3, \*", with the one of proposition 1,
AAP'l'?

Lemma 2 Provided the equilibrium in Proposition 3 exists, we have

1. when k1 < ko, B > BT > B and A" > AT,

2. when 27 (1 +7) Ky — (27’2 - 1) k1> 0 and k1 > ko, B > BT > B, and
)\AP > Aun’

17The superscript AP stands for the fact that the trading intensity and the liquidity para-
meter, in proposition 1, are equal to the ones found in Admati and Pfleiderer (1988).
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3. when 27 (1 +7) ko — (27’2 — 1) k1 <0, B > 8" > AP and A\AT § AU,

Proof. Straightforward. m

We now discuss the above Lemma. When k1 > ko (k1 < k2), the unrealistic
trader’s responsiveness to private information, s, is always higher (lower) than
the realistic one. If the unrealistic trader is relatively more overconfident than
optimistic or relatively more pessimistic than underconfident, he trades more
intensely on his private information than his realistic counterpart. This may
lead to a higher or lower liquidity than if all traders were realistic as in Admati
and Pfleiderer (1988). A higher trading intensity on private information, on
the one hand, decreases liquidity as it increases information revelation and, on
the other hand increases it as it increases the variance of the aggregate order
flow. A lower trading intensity leads to the two opposite effects on the liquidity.
When the unrealistic trader is relatively more optimistic than overconfident or
relatively more underconfident than pessimistic the liquidity is always lower
than the one obtained in Admati and Pfleiderer.
The first two cases 1. and 2. of the above Lemma follow intuition. Indeed,
traders are strategic and take into account the impact of their orders onto the
price. Therefore, if the unrealistic traders’ trading intensity is low (less than the
one of proposition 1, 5AP ), the realistic traders have some scope to increase their
trading intensity. The overall impact of the trading intensities leads to a lower
liquidity. If the opposite is true, the realistic traders scale down their trading
intensity implying a more liquid market. The third case corresponds to the
situation where both types of traders trade more intensely than in proposition
1, g > B" > AP However, the unrealistic traders’ intensity is still larger
than the realistic traders’ one. Depending on their relative size, the liquidity is
increased or decreased.

We now compute the traders’ expected profit.

Proposition 4 Provided the equilibrium ezists, the expected profits are given

by
for the unrealistic traders

o2 (1+ 27’)2 k1 [k1 (1 = 7) + 2KaT]
A((27 + N + 1) (k1 + 2627) + Mk (27 + 1))

E (Hun) —

for the realistic traders

B(IT) = o2 (1+71) [k + 2,%27]2
A((27 + N + 1) (k1 + 2627) + Mry (27 + 1))

Whenever k1 < ko, the realistic traders earn strictly larger expected profit
than unrealistic traders.
Provided the equilibrium exists and that ke < k1, the unrealistic traders earn

e negative expected profit (k1 (1 —7) + 2ko7 < 0),
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27 (14-7)
2721

e positive expected profit however lower than the realistic one (ch < K1 < Kg %),

o cxpected profit larger than the realistic one (27’ (14+7)Ky — (272 — 1) K1 > 0).

Proof. See Appendix. m

The expected profits displayed in the preceding proposition are computed
under the true distributions of ¢ and €.

Given the equilibrium condition (1), four different situations arise depending
on the value of both 7 and the ratio % for each case (optimistic or pessimistic):

situation 1 is for 7 < %, situation 2 for % < 7 < 1, situation 3 for 1 < 7

M 1+ i ; 1+ M
and & < m, and situation 4 for 1 < 7 and m < §- We
focus on situation 4 as it is the most complete. The graphs for the three other

situations are put at the end of the paper (See figures 5, 6, and 7).

Optimism (situation 4)
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Figure 3: Expected Profit comparison for both a large 7 (1 < 7) and
a relatively high number of unrealistic traders in the market

((17#71127)2 < M) with optimistic traders.
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Pessimism (situation 4)
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Figure 4: Expected Profit comparison for both a large 7 (1 < 7) and
a relatively high number of unrealistic traders in the market

((177)1?_#7)2 < %) with pessimistic.

We now comment on the above graphs. Whenever ks > k1, the unrealistic
traders always earn less expected profit than the realistic ones, however they are
non-negative. In that case, unrealistic traders trade less aggressively on their
private information than their rational counterpart and the market is less liquid
than if all traders were realistic (liquidity in proposition 1).

For k1 > ko, depending on the relative value of x; with respect to ko and
on the value of the other parameters (i.e. depending in which situation of the
different ones cited above we are), the realistic traders may earn more expected
profit than the unrealistic with the possibility for the latter to earn negative
expected profit (situations 3 and 4), or the unrealistic traders may earn on
average larger profits than the realistic.

When 27 (14+7) kg — (27‘2 — 1) k1 < 0, as seen above in the graph, both
types of traders trade more aggressively on their private information, s, than
they would if they were all realistic. The over-trading of the unrealistic is
exacerbated by the realistic traders’ over-trading. In that case and if both
types of traders do not over-trade excessively, the unrealistic traders earn lower
expected profit than the realistic traders, however non-negative. When both
types do over-trade excessively, the unrealistic traders earn negative expected
profit (k1 (1 — 7) + 2ka7 < 0).

When the effect of unrealistic traders’ over-trading is alleviated by the re-
duction in trading of the realistic traders, the unrealistic traders earn on av-
erage more than the realistic traders. This corresponds to the case where
27 (14 7) ka2 — (272 —1) k1 > 0 and k1 > Ko.
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For both cases (optimistic and pessimistic traders), as 7 increases, the slope
of the two lines (k2275 and 2277(&;)) becomes flatter implying that the region
where the unrealistic trader earns more than the realistic trader shrinks. Ulti-
mately, for an infinite 7 and for the parameters where the equilibrium exists,
when ko < k1, the unrealistic trader earns negative expected profit and the
realistic positive, whereas when ki < ko the unrealistic trader earns positive
expected profit although lower than the realistic one. When 7 is infinite, the
unrealistic trader never earns profit, in expected terms, higher than the realistic
trader.

The next Lemma shows the expression of the price efficiency as well as the
one of the ex-ante volatility. It also shows their comparative statics with respect
to k1 and ka.

Lemma 3 (Price Efficiency and Ex-ante Volatility) Provided the equi-
librium in Proposition 3 exists, we have

e Price efficiency is equal to

02 (k1 + 2762) (1 + 27)
(N 427+ 1) (k1 + 27K2) + MKy (27 + 1)

var (v|p) =

It increases with ko whereas it decreases with K.
o The ex-ante volatility is equal to

o (N (Iil + 27‘;‘62) + Mkq (27’ + 1))

v

N +27+1) (k1 +27K2) + Mk (27 4+ 1)

var (p) = (

It increases with k1 and decreases with ks.

Proof. Straightforward. m

We now interpret Lemma 3. The effect of k1 onto both the volatility and
the price efficiency accords to intuition. However the effect of ko deserves more
attention. As ko increases, the unrealistic traders trade less aggressively on their
private information, s;. As explained before, the realistic traders’ reaction is
not as clear. However, the overall effect is as stated in the Lemma.

Kyle and Wang (1997) explore the strategic interaction between investors.
They focus on the case where one unrealistic, either overconfident or undercon-
fident, investor competes against a realistic one. The unrealistic trader mis-
perceives the variance of the noise of his/her own signal and has some beliefs
concerning the variance of the noise of the other trader’s signal. They obtain
that the equilibrium only depends on the trader’s misperception of the vari-
ance of the noise of his/her own signal. They find that when an unrealistic
trader is able to credibly commit to trade a larger quantity, this trader can
outperform the realistic trader. They show that an overconfident trader is able
to commit whereas an underconfident is not. We do obtain the same result
for an optimistic trader. However, some of our results concerning pessimistic
traders are qualitatively different. In our model, a pessimistic trader believes
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that prior information has a greater variance. This enables him/her to commit
to trade larger quantity. As a consequence, we find that pessimistic trader can
outperform realistic traders.

4 Unrealistic Market Makers

We now look at the case where the market maker is unrealistic as well as M
traders among the M + N traders.!®

The unrealistic traders misperceive the distributions of both ¢ and &; as
before. Given the fact that the market maker has no access to any private
signal, she misperceives the expectation and variance of the distribution of prior
information. The market maker believes that the distribution of the asset is such
that

v — N (E,Elai) .

As before the market maker behaves competitively.
Proposition 5 Whenever

Mry (14 27)% 51 (R — 7) 4 2627] + N (k1 + 2627)> (27 + 1) Fy —7) > 0. (2)

there exists a unique linear equilibrium. It is characterized by the following
parameters,
for the optimistic/pessimistic traders

PN (274+1)(2k2Ta—a(k1+2K27))ow
oy \/M&l (1427)2 (k1 (R1—7)+2k2 7]+ N (k1 +2627) 2 ((27+1)R1 —7) ’
/Bun _ k1 (27+1)oy

oy \/1\414,1(1+2'r)2[nl(E1—7)+2rf,2*r]+N(n1 +2r27)2((27+1)F1—7)

for the realistic traders

o = — a(k1+2627)(274+1)0,
2 \/Mnl (1+2T)2 [k1(R1—7)+2K27]+N (k1 +2R2T)2((27+1)E1 —7) ’
g = (K142K2T)0y

ou\/ Mr1(1427)2 (k1 (F1—7)+2k2 7|+ N (k14+2627) 2 ((27+1)F1 —7)
for the market maker

_ 27+ D) [a(k14+2k27)(M+N+1)—2Mko7al
Bo= Mr1(274+1)+N(k1+2k27)+(274+1) (k1 +2K27T)?

P o’v\/Mﬁl(1+27’)2[nl(E1—7)+2527]+N(m1+2n27)2((27’+1)El—T)
- Mr1(274+1)+N(k1+2k27)+(274+1) (k1 +2Kk2T) 0y .

18The market maker, given her privileged position in the market, is usually thought to be
realistic. However, allowing her to be unrealistic enables us to have the same effects as the
ones we would obtain in a Grossman and Stiglitz type of model with an unrealistic liquidity
supplier.
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Proof. See Appendix. =

We first comment on condition (2). From its expression, we see that an
optimistic market maker exacerbates the occurrence of a market breakdown
whereas a pessimistic one alleviates it. This can be explained as follows. In the
following discussion, we only look at the effect of an optimistic market maker as
the pessimistic case is symmetric. The market maker’s optimism affects the price
function in two opposite ways. On the one hand, the higher the misperception
is the higher the market depth. Indeed, an optimistic market maker thinks
that the prior information is more precise than it is and therefore believes that
the informed private information is less substantial than it actually is. As a
consequence, she adjusts her price less aggressively. This is done by reducing
the liquidity parameter, A, and therefore by increasing market depth. As a
response, informed traders trade more intensely. As they trade more intensely,
a market breakdown is more likely to occur. On the other hand, the overall
level of price is shifted up due to the misperception of the expectation. Indeed,
an optimistic market maker wrongly believes that the expectation of the risky
asset is higher than it actually is and therefore increases the overall level of
prices. As a response, traders reduce the size of their market order. That
reduction is proportional to the misperception a@. However, the effect of @ on
the level of prices is mitigated by the effect of the trader’s misperception of the
expectation as seen in the equation defining 1. Whenever the market maker and
the unrealistic traders hold opposite beliefs about the distributions, the shift is
positive (negative) with an optimistic (pessimistic) market maker. When the
market and the traders are all optimistic or pessimistic, the level of prices can
either be increased (> 0) or reduced (p < 0). The former happens when
the market maker’s optimism (pessimism) is relatively larger (smaller) then the
traders’ optimism (pessimism). The latter happens for all the converse cases.

In that case, the price sets by the market maker incorporates her unrealism
possibly leading to an irrational bubble. Indeed, when the market maker is
unrealistic and due to her misperception of the risky asset’s misperception, she
increases the overall level of prices. This can be understood as the early stage of
a price bubble. However, our model being static, we cannot perform a dynamic
analysis of that bubble.

The unconditional expected profits of each traders and for the market maker
are given in the following proposition.

Proposition 6 Provided the equilibrium exists, the expected profits are given

by
for the unrealistic traders

2
E[1*"] = (27;;21) [02k1 (k1 (1 — T) + 2627) — @ (K1 + 2k27) (2627a — (K1 + 2k27) @)] |
for the realistic traders

BT = (at2ear)t [05 (r+1)+a (27 +1)°],
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for the market maker
BEIMM] = Cribmi2een) (52 (g — 1) (Mky (27 +1) + N (k1 + 2ka7))
+a (27 + 1) (2MkaTa — @ (k1 + 2k27) (M + N))] .

Proof. See Appendix. m

The expected profit for both types of traders is affected by the market
marker’s misperception on both the expected return of the asset and the vari-
ance. The lower the perceived variance (the lower K1), the higher the market
depth, and therefore the higher the trader’s unconditional expected profit. The
misperception of the expectation affects differently the two types of traders. The
realistic trader’s unconditional expected profit increases with it. The analysis for
the unrealistic’s unconditional expected profit is not as straightforward. When-
ever a"" and a have different sign, the unrealistic trader’s expected profit is
larger. This happens when the market maker and the unrealistic traders hold
opposite beliefs regarding the distributions or may happen when the market
maker and the unrealistic traders are all optimistic or all pessimistic. As be-
fore, the unrealistic trader may obtain greater, equal or smaller profit than the
realistic one with the possibility for him to have negative expected profit.

The market maker, when realistic (k1 = 1, @ = 0), obtains zero expected
profit. However, if she is unrealistic, either optimistic or pessimistic, she may
obtain expected profit different from zero. An increase of %y has several effects
on the market maker’s expected profit. An increase of Ky increases A which in
turn decreases the aggregate order flow. The magnitude of these countervailing
effects determine the behavior of the market maker’s expected profit. The ef-
fect of the additive misperception depends on the sign of the traders’ additive
misperception. If the market maker and the traders hold opposite beliefs the
expected profit is decreased whereas if they are all pessimistic or optimistic, the
market maker’s expected is either increased or decreased.

Lemma 4 (Price Efficiency and Ex-ante Volatility) Provided the equi-
librium in Proposition 5 exists, we have

o The ex-ante volatility is equal to

_ AN (1 27ma)F Mt (27 1)) (k1 427 2) (N1 (274 1) Mia (27-41)
var (p) = (Nt2r D) (r1+ 27 )+ Mry (27 1)) '

It increases with K.
o The price efficiency is given by

_ 2R (k1+27kR2)(1427)
var (v|p) = (N+g1(2T+i))(lm+2rl2)+Mm(2T+1)~

It increases with K.
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Proof. Straightforward. m

Both the ex-ante volatility and the price efficiency increase with ®;. This
implies that both are lower with an optimistic market maker than with a pes-
simistic one. As described before, an optimistic (pessimistic) market maker sets
prices less (more) aggressively by increasing (decreasing) liquidity, traders re-
spond to it by increasing (decreasing) their trading intensity. For the ex-ante
volatility, the effect on the market depth dominates the effects on the trading
intensity. Regarding now the price efficiency, on the one hand an increase of
1 decreases the traders’ trading intensity and on the other hand it increases
volatility. As the volatility effect always dominates, the price efficiency increases
with El.

5 Conclusion

We develop, here, a model of optimism and pessimism in financial markets.
We model unrealistic traders (optimistic/pessimistic) as traders who, as well
as misperceiving the expected returns of the asset, misperceive the variance of
both the volatility of the asset returns and the noise in the private signal. An
optimistic (pessimistic) trader over-estimates (under-estimates) the expected
returns of the asset and under-estimates (over-estimates) both variances. We
study two scenarios, in the first one the unrealistic trader only misperceives the
expected returns whereas in the second one, the unrealistic trader misperceives
the expected returns and the variance of both the volatility of the asset returns
and the noise in the private signal. Moreover, in the second scenario, the marker
maker is realistic (in the first part) and then unrealistic. In scenario 1, we
find that an optimistic (pessimistic) trader purchases (sells) a larger quantity or
sells (purchases) a smaller one. We show that the liquidity is not affected by the
misperception of the expected returns and is equal to the one we would obtain if
all traders were realistic. This is due to the fact that unrealistic traders alter the
size of their market order through the misperception of the returns of the asset,
without affecting their information revelation. As a consequence, the aggregate
order flow faced by the market maker conveys the same amount of information
as if all traders were realistic. The expected profit for the unrealistic trader and
for the realistic trader are shown to be equal. It is not costly to be unrealistic.
In scenario 2, we show that a market breakdown can occur. This is indeed the
case when both types of traders trade excessively on their private information.
If the impact of the unrealistic traders’ over-trading is reduced by the realistic
traders’ trading behavior, the unrealistic traders’ expected profit is larger than
the realistic one. However, if the impact of that over-trading is not sufficiently
reduced by the realistic traders or if the realistic traders trade more intensely
on private information than the unrealistic traders, the realistic traders earn on
average larger profit than the unrealistic traders. Finally we show that the price
efficiency improves with ko whereas it decreases with 1, and that the volatility
decreases with k9 and increases with k1.

When the market maker is unrealistic, we, first of all, show that an optimistic
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market maker exacerbates the occurrence of a market breakdown whereas a pes-
simistic market maker alleviates it. The introduction of an unrealistic market
maker may affect differently the traders. Realistic traders have larger expected
profits when the market maker is unrealistic. We, finally, show that when the
market maker is unrealistic, her expected profit may be either positive or neg-
ative.

An interesting extension of the model would be to look at how the results
obtained in the present model would be modified in a dynamic setting. A further
extension of the present model could include different forms of unrealism. This
is left for future research.
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7 Appendix

7.1 Proofs

Proof of Proposition 1 (Equilibrium for Additive Misperception)
Take the results obtained in proposition 3 for the expression of the parameters
ot BY o, 87, u, and A and set k1 = 1 and kg = 1.

Proof Proposition 2 (Expected Profits for Additive Misperception)
Take the results obtained in proposition 4 for the expression of both profits and
set k1 = 1 and k9 = 1.

Proof of Proposition 3 (Equilibrium for Additive and Multiplica-
tive Misperception)

Given the expressions of the market orders submitted by the optimistic
traders, x°, and by the realistic traders, z", the aggregate order flow is equal to

N M N M
y= wi+y xi"tu= (NS +MB")v+B" > ei+B"" > e;+Na"+Ma"" +u.
=1 j=1 i=1 j=1

The unrealistic trader maximizes his conditional expected profit

max By (v = p)aj”[s = s;).
J
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Substituting the form of the price as well as the market orders form for the N
realistic traders, and the M — 1 optimistic in the above expression, computing
the first order condition and solving it for the market order, we obtain

= (B (s =) (- (M- DA - NAF)  (3)
—p— (M —1) a° = NXa"].

We now need to compute E,,, (v|s = s;). On one side and given the normal-
ity of the random variables we have that E,, (v|s =s;) = 7(s; — Eyun (v)) +

E., (v) with v = % Given that Fy, (v) =a and 7 = Z—%, we obtain

K1 RoT
sjt+a

Eun (v]s=s;) =

K1 + KoT K1 + HQT.

Replacing the expression of the conditional expectation into the form of the
order (3) and identifying the parameters we have

K1 (]. — )\Nﬂr)

= X0t D+ 2mar) (4)

un 1 R2T _ _ un ,
ST S M- DMT )9
—p— ANa"].

The second order condition is satisfied.
Finally, the realistic maximizes his conditional expected profit. Given his

first order condition and the fact that £ (v[s = s;) = {3, the parameters for
the realistic’s market order are such that
. 1 AMB"™
o= UL-AMPT) (6)
AN +1+27)
1
T = e AMa®"]. 7
o =~y bt e )

The second order condition is satisfied.
The market maker behaves competitively and sets a price such that

cov (v,y)
=F =0+ ——=(y—F .
p=Elvlyl=0+—— ] (y—E(y)
Given the expression of the aggregate order flow, the parameters of the price
schedule are given by

A= (NE" + MB™) T (8)

(NB™+ MB™™)* + (N (87 + M (8"")") 7 + %
“A(Na" + Ma""). (9)

=
|
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Solving the above system of six equations defined by equations (4), (5), (6),
(7), (8), and (9) for the six unknowns leads to the result of proposition 4.

Proof of Proposition 4 (Expected Profits for Additive and Multi-
plicative Misperception)

The expected profit of any trader, h = un or r, can be written as

E[") =E((v—p)a") :E((v—,u—)\y) (ﬁh(v+€h)+ah)).

Given the expression of y and after simplification of some of the terms, the
expected profit is equal to

E(M") =E

N M
<u —A <(N67' FMBY v+ S e+ B S e+ u>> <ﬂ” (v +en) + ah)
i=1 j=1

All random variables are independent and have a zero mean, we therefore
get

E(") =E (mh (1=X(NB"+ MB"")) — AB"e" <BT JZVI g+ 8" % €j>> :
i=1 Jj=1

This expression simplifies to

E@*) = g™ [02 (I=X(NB"+ Mp"™)) — /\B""ag} for the unrealistic trader,

E (Hh) = A" [02 (I=X(NB"+ Mp“™)) — Aﬁrog] for the realistic trader.

v

un

Using the expressions of 8", and 8™ and after some simplifications we obtain

for each type of traders

02 (14 27)° k1 [k1 (1 — 7) + 2k27]
M7 4+ N + 1) (k1 + 2627) + Mk (27 + 1))
o2 (1+7) [k1 + 2k27)°
M(27 + N + 1) (k1 + 2627) + Mky (27 + 1))

E@) =

E(I" =

Having the expression of the expected profit for unrealistic traders and for
realistic traders, we can compare them to each other. We compute the difference
in expected profits, after some rearrangements that leads to

un . k1 (1 +27) 02
E(II )—E(H):%

where d = (27 + N 4+ 1) (k1 + 2k27) + MKy (27 + 1).
Given the above expression, finding the sign of E (ITI“")—E (II") is equivalent
to find the sign of

(U200 1 g (1= 7) + 2627) = (1 7) [sr + 26277

(1+27)% k1 [k1 (1 = 7) + 2k27] — (1 + 7) [K1 + 2r27]>.
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It is straightforward to prove that the previous expression is equal to
27 (k1 — k2) [k1 (1 —27%) + 2K (L +7) 7] . (10)

Whenever 7 < %, the expression (10) is of the sign of k; — ko and when

k1 — k2 > 0 (< 0), we have E(IT") < E (II*") (E (II*") < E(II")). Whenever
2k2(1+7)T
T
prove that the latter is always greater than the former. For any ko and for x4,

M,{Q} we have E (II") < E (IT“"), for any o and for

% < 7, (10) has two positive roots k1 = ko and K1 = k9. One can

in the interval |ka, =5 57—

k1 outside the interval we obtain that E (II“") < E (II"). Given the expression
of the unrealistic’s expected profit, one can see that if 7 > 1 and xk; > %KJQ,
unrealistic traders earn negative expected profits.

Proof of Proposition 5 (Unrealistic Market Makers)

After maximizing the traders expected utility we get for the different para-
meters

1 , un r
't = CAN(M +1) m,fmT (I=A(M—-1)B"" =ANS") |, (11)
gun k1 (1= ANB")
A((M + 1) k1 + 2752)
1
. 1=AMp™
T AWz

The market maker sets a price, p, such that

p=Bloly) = Bli] + T

M(@/_E(y))a

where the upper bar denotes that the expectation, covariance and variance are
computed given the wrong beliefs of the market maker.
Given the market maker’s additive misperception we obtain
MpB“™ + N8" )k
A= WA NGO (13)
(MB"™ + NGV’ Ty + (MB™ + NG ) 7+ %

v

p = (1—AMB" —ANB")a—AMa"" — ANa’. (14)

Solving the above system of six equations with six unknowns leads to the
desired result.

Proof of Proposition 6 (Expected Profit) Follow the same steps as in
proposition 4 for the expected profits of the traders.

The market maker’s expected profit are equal to

E[MOMM] = —NE[") — ME (II'") + E (I1*9) .
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It is straightforward to show that the expected profit of the liquidity traders,
E (HLiq), are equal to A\o2. Plug the expressions found for the two types of
traders and for the liquidity traders into the expression above and after some
manipulations, the desired result is found.

7.2 Figures: Expected Profit Comparison
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Figure 5: Expected Profit comparison for a low 7 (7 < %) with
optimists/pessimists.
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Figure 6: Expected Profit comparison for an intermediate 7
(% < 71 < 1) with optimists/pessimists.
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Optimism/Pessimism (situation 3)
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Figure 7: Expected Profit comparison for both a large 7 (1 < 7) and
a relatively low number of unrealistic traders in the market

< (177;(%27)2), with optimists/pessimists.

31



